Abstract. We study the inverse problem for the versal deformation rings R(Γ, V ) of finite dimensional representations V of a finite group Γ over a field k of positive characteristic p. This problem is to determine which complete local commutative Noetherian rings with residue field k can arise up to isomorphism as such R(Γ, V ). We show that for all integers n ≥ 1 and all complete local commutative Noetherian rings W with residue field k, the ring W[[t]]/(p n t, t 2 ) arises in this way. This ring is not a local complete intersection if p n W = {0}, so we obtain an answer to a question of M. Flach in all characteristics.
Introduction
Suppose Γ is a profinite group and that V is a continuous finite dimensional representation of Γ over a field k of characteristic p > 0. Let W be a complete local commutative Noetherian ring with residue field k. In §2 we recall the definition of a deformation of V over a complete local commutative Noetherian W-algebra with residue field k. It follows from work of Mazur and Schlessinger [12, 14] that V has a Noetherian versal deformation ring R W (Γ, V ) if the p-Frattini quotient of every open subgroup of Γ is finite. Without assuming this condition, de Smit and Lenstra proved in [9] that V has a universal deformation ring R W (Γ, V ) if End kΓ (V ) = k. The ring R W (Γ, V ) is a pro-Artinian W-algebra, but it need not be Noetherian. In this paper we consider the following inverse problem: Question 1.1. Which complete local commutative Noetherian W-algebras R with residue field k are isomorphic to R W (Γ, V ) for some Γ and V as above?
It is important to emphasize that in this question, Γ and V are not fixed. Thus for a given R, one would like to construct both a profinite group Γ and a continuous finite dimensional representation V of Γ over k for which R W (Γ, V ) is isomorphic to R. We will be most interested in the case of finite groups Γ in this paper, for which R W (Γ, V ) is always Noetherian.
Our main result is: Recall (see [10, §19.3] ) that a commutative local Noetherian ring R is a local complete intersection if there is a regular complete local commutative Noetherian ring S and a regular sequence x 1 , . . . , x n ∈ S such that the completionR is isomorphic to S/(x 1 , . . . , x n ). The problem of constructing representations having universal deformation rings which are not local complete intersections was first posed by M. Flach [7] . The first example of a representation of this kind was found by Bleher and Chinburg with k = Z/2; see [4] and [5] . A more elementary argument proving the same result for k = Z/2 was given by Byszewski in [6] . Before outlining the proof of Theorem 1.2 we discuss some other rings for which Question 1.1 has been shown to have an affirmative answer. We will suppose in this discussion that k is a perfect field, and we let W be the ring W (k) of infinite Witt vectors over k.
Work of Mazur concerning V of dimension 1 over k shows that W (k) [[H] ] is a versal deformation ring if k has characteristic p > 0 and H is a topologically finitely generated abelian pro-p-group.
In [3] , Bleher and Chinburg considered V which belong to blocks with cyclic defect groups of the group ring kΓ of a finite group Γ over an algebraically closed field k of characteristic p. They showed that W (k) and W (k)/W (k)p d are universal deformation rings for all integers d ≥ 1. Their results also show that if D is a finite cyclic p-group, and E is a finite group of automorphisms of D of order dividing p − 1, then the ring (W (k)D) E /W (k)s is a versal deformation ring, where (W (k)D) E is the ring of E-invariants in the group ring W (k)D, s = 0 if E is trivial and s = d∈D d otherwise.
In [1, 2] , Bleher considered V which belong to certain blocks with dihedral defect groups, respectively with generalized quaternion defect groups, of the group ring kΓ of a finite group Γ over an algebraically closed field k of characteristic 2. She showed that W (k) [[t] ]/(p d (t)(t − 2), 2 p d (t)) and W (k) [[t] ]/(p d (t)) are universal deformation rings for all integers d ≥ 3, where p d (t) is the product of the minimal polynomials of ζ ℓ + ζ −1 ℓ over W (k) for ℓ ∈ {2, . . . , d − 1} and ζ ℓ is a primitive 2 ℓ -th root of unity.
As of this writing we do not know of a complete local commutative Noetherian ring R with perfect residue field k of positive characteristic which cannot be realized as a versal deformation ring of the form R W (k) (Γ, V ) for some profinite Γ and some representation V of Γ over k.
We now describe the sections of this paper. In §2 we recall the notations of deformations and of versal and universal deformation rings. We show in Theorem 2.2 that versal deformation rings respect arbitrary base changes, generalizing a result of Faltings concerning base changes from W (k) to W (k ′ ) when k ′ is a finite extension of a perfect field k. This reduces the proof of Theorem 1.2 to the case in which k = Z/p and
In §3 we consider arbitrary perfect fields k of characteristic p and we take W = W (k). In Theorem 3.2 we give a sufficient set of conditions on a representationṼ of a finite group Γ over k for the universal deformation ring R W (k) (Γ,Ṽ ) to be isomorphic to R = W (k) [[t] ]/(p n t, t 2 ). The proof that these conditions are sufficient involves first showing that
] by proving that the dimension of the tangent space of the deformation functor associated toṼ is one. We then construct an explicit lift ofṼ over R and show that this cannot be lifted further to any small extension ring of R which is a quotient of W (k) [[t] ]. In §4 we show that the hypotheses of Theorem 3.2 are satisfied in certain cases when Γ is isomorphic to an iterated semi-direct product V ′ × ((Z/ℓ)× (Z/q)) of an abelian p-group V ′ with cyclic groups of orders ℓ and q greater than 1 which are prime to p. The resulting examples are sufficient to complete the proof of Theorem 1.2.
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Deformation rings of base changes
Let Γ be a profinite group, and let k be a field of characteristic p > 0. Let W be a complete local commutative Noetherian ring with residue field k. We denote byĈ the category of all complete local commutative Noetherian W-algebras with residue field k. Homomorphisms inĈ are continuous W-algebra homomorphisms which induce the identity map on k. Define C to be the full subcategory of Artinian objects inĈ. For each ring A inĈ, let m A be its maximal ideal and denote the surjective morphism A → A/m A = k inĈ by π A . If α : A → A ′ is a morphism inĈ, we denote the induced morphism GL n (A) → GL n (A ′ ) also by α.
Let n be a positive integer, and let ρ : Γ → GL n (k) be a continuous homomorphism, where GL n (k) has the discrete topology. By a lift of ρ over a ring A inĈ we mean a continuous homomorphism τ : Γ → GL n (A) such that π A • τ = ρ. We say two lifts τ, τ ′ : Γ → GL n (A) of ρ over A are strictly equivalent if one can be brought into the other by conjugation by a matrix in the kernel of π A : GL n (A) → GL n (k). We call a strict equivalence class of lifts of ρ over A a deformation of ρ over A and define Def ρ (A) to be the set of deformations [τ ] of lifts τ of ρ over A. We then have a functorĤ ρ :Ĉ → Sets which sends a ring A inĈ to the set Def ρ (A). Moreover, if α : A → A ′ is a morphism inĈ, then
Instead of looking at continuous matrix representations of Γ, we can also look at topological Γ-modules as follows. Let V = k n be endowed with the continuous Γ-action given by composition of ρ with the natural action of GL n (k) on V , i.e. V is the n-dimensional topological kΓ-module corresponding to ρ. A lift of V over a ring A ∈Ĉ is then a pair (M, φ) consisting of a finitely generated free A-module M on which Γ acts continuously together with a Γ-isomorphism φ : k ⊗ A M → V of (discrete) k-vector spaces. We define Def V (A) to be the set of isomorphism classes [M, φ] of lifts (M, φ) of V over A. We then have a functor
One says that a ring R = R W (Γ, ρ) (resp. R = R W (Γ, V )) inĈ is a versal deformation ring for ρ (resp. for V ) if there is a lift ν : Γ → GL n (R) of ρ over R (resp. a lift (U, φ U ) of V over R) such that the following conditions hold. For all rings A inĈ, the map
which sends a morphism α : ]) a versal deformation of ρ (resp. of V ) over R. By Mazur [13, Prop. 20 .1],Ĥ ρ (resp.F V ) is continuous, which means that we only need to check the surjectivity of f A for Artinian rings A in C. The versal deformation ring R = R W (Γ, ρ) (resp. R = R W (Γ, V )) is unique up to isomorphism if it exists.
If the map f A is bijective for all rings A inĈ, then we say R = R W (Γ, ρ) (resp. R = R W (Γ, V )) is a universal deformation ring of ρ (resp. of V ) and [ν] (resp. [U, φ U ]) is a universal deformation of ρ (resp. of V ) over R. This is equivalent to saying that R represents the deformation functorĤ ρ (resp.F V ) in the sense thatĤ ρ (resp.F V ) is naturally isomorphic to the Hom functor HomĈ(R, −).
We will suppose from now on that Γ satisfies the following p-finiteness condition used 
Proof. DefineĈ ′ to be the category of all complete local commutative Noetherian W ′ -algebras with residue field k ′ , and define C ′ to be the full subcategory of Artinian objects inĈ ′ . Let R = R W (Γ, ρ) and let ν : Γ → GL n (R) be a versal lift of ρ over R. Define Ω = W ′ ⊗ W R and let R ′ be the completion of Ω with respect to m Ω . Then
We will first show that if A ′ ∈ Ob(C ′ ) is Artinian and
In the following, when there is an implicit homomorphism φ : Y → X of modules, we will abbreviate X/φ(Y ) by X/Y . Tensoring the short exact sequence
Thus we have isomorphisms
This proves that the natural homomorphism
where Hom cont stands for the space of continuous W ′ -algebra homomorphisms which induce the identity map on the residue field k ′ . The kernel J of ρ ′ is open of finite index in Γ. Because of Hypothesis 2.1, there is a finite subset S ⊂ J which projects to a set of generators for the p-Frattini quotient of J. Then S projects to a set of topological generators for the maximal pro-p quotient J ′ = J/J 0 of J, where J 0 is normal in Γ because J is normal in Γ and J 0 is characteristic in J. Let S 0 be a finite set of coset representatives for J in Γ. Since τ ′ (J) is a pro-p group, the set {τ ′ (g) : g ∈ S ∪ S 0 } is a finite set of topological generators for the image of τ ′ . Because ρ ′ and ρ have the same image in GL n (k) ⊂ GL n (k ′ ) and because τ ′ is a lift of ρ ′ , the following is true for each element g of the set S ∪ S 0 . There is a matrix t(g) ∈ Mat n (W) such that all entries of the matrix τ ′ (g)−t(g) lie in the maximal ideal m A ′ of A ′ . Let T be the finite set of all matrix entries of τ ′ (g) − t(g) as g ranges over S ∪ S 0 , so that T ⊂ m A ′ . Now every finite word in the elements of S ∪ S 0 is sent by τ ′ to a matrix with entries in the W-subalgebra of A ′ generated by T . Since the elements of T are in m A ′ , there is a continuous homomorphism 
Then α has the required property (2.1). We must still show that when k ′ [ǫ] is the ring of dual numbers over 
By (2.3), we wish to show Hom
. As before, we will write X/Y for a quotient module X/φ(Y ) when there is an implicit homomorphism φ :
It follows from (2.4), (2.5) and (2.6) that to complete the proof, it will suffice to show that the natural homomorphism
is an isomorphism of k ′ -vector spaces. It follows from (2.2) that the natural homomorphism
is surjective, which implies that µ is surjective. Hence to show that µ is an isomorphism it will be enough to show
Suppose α ∈ m W . Define W 0 = W/(Wα) and R 0 = R/(Rα). Then R 0 is a complete local ring with maximal ideal m R0 = m R /Rα. It follows that the natural projection
Here
, where the first isomorphism is from the right exactness of tensor products and the second isomorphism is from the universal property of tensor products. Thus to show (2.9) we can first divide all the rings involved by any ideal generated by an element of m W . Since m W is finitely generated, we can thus reduce to the case in which W = k. We now divide W ′ and Ω further by ideals generated by generators for m W ′ to be able to assume that W ′ = k ′ . Thus we have reduced to the case in which m W = {0} = m W ′ , R is a complete local commutative k-algebra with residue field k and
This completes the proof of (2.9) and of Theorem 2.2. 
Corollary 2.3. If for each prime p there is a finite group Γ and a finite dimensional representation
an argument of Faltings (see [8, §2.6 ] and [9, §7] ) shows T has a universal deformation ring R W (Γ, T ) which is a complete local commutative Noetherian W-algebra with residue field k. By Theorem 2.2 and Hypothesis (b) of the Corollary we have isomorphisms
Note that the Krull dimension of this ring is 
Using power series expansions, we see that
Since W = S/I and p n W = {0}, it follows that (p
is not a local complete intersection if p n W = {0}.
Computing deformation rings
Throughout this section we make the following assumptions.
Hypothesis 3.1. Let k be an arbitrary perfect field of characteristic p > 0 and let W be the ring W (k) of infinite Witt vectors over k. Let G be a finite group and suppose n ≥ 1 is an integer. Define A = W/(Wp n ). Suppose V is a projective kG-module for which dim k (V ) is finite and End kG (V ) = k. LetV be a projective AG-module such that k ⊗ AV is isomorphic to V as a kGmodule. Let M be the free A-module Hom A (V ,V ), so that M is a projective AG-module. Define
If L is an AG-module, we will also view L as an (Z/p n )G-module via restriction of operators from AG to (Z/p n )G.
Theorem 3.2. Assume Hypothesis 3.1. Suppose V ′ is a (Z/p n )G-module which is a free, finitely generated Z/p n -module with the following properties:
) is a free rank one A-module with respect to the A-module structure coming from the multiplication action of A on M .
(ii) There is an injective homomorphism ψ : Example 3.3. Suppose p = 2, that k = F 2 and that W = W (F 2 ) = Z 2 . Let G be the symmetric group on 3 elements. The two dimensional irreducible representation V of G over k is projective. LetV be a projective AG-module such thatV /pV is isomorphic to V as a kG-module, and let V ′ =V = K. Then the hypotheses of Theorem 3.2 are satisfied, as may be seen in the following way. As a kG-module, M 0 = M/pM is isomorphic to V ⊕ k[G/C] when C is the index two subgroup of G. We obtain from this an injection ψ as in condition (ii) of Theorem 3.2. The image of ψ mod pM is a two-dimensional subspace of M 0 which does not contain the identity element of M 0 = Hom k (V, V ). Thus if condition (iii) failed, the identity element together with the image of ψ mod pM would generate a commutative subalgebra of M 0 of dimension at least 3 over k, and no such subalgebra exists. We thus obtain from Theorem 3.2 an extension Γ of G by K such that
). When n = 1, the group Γ is isomorphic to the symmetric group S 4 on four letters. The fact that
2 ) in this case was shown in [4] and [5] ; see also [6] .
We now return to Theorem 3.2. For any G-module L, we denote byL the Γ-module which results by inflating L via the natural surjection π : Γ → G. Proof. By construction there is an exact sequence of groups
Since M 0 is an elementary abelian p-group, we have from condition (i) of Theorem 3.2 that
On putting together (3.12) and (3.13), we conclude from [13, Prop. 21.1] that there is a natural isomorphism (3.14)
where tṼ is the tangent space of the deformation functor ofṼ , m is the maximal ideal of the universal deformation ring R W (Γ,Ṽ ) and R W (Γ,Ṽ ) is a complete local W-algebra. This implies
We now construct an explicit lift of a matrix representation for the kΓ-moduleṼ . Let q = dim k (V ). By assumption, V is projective as a kG-module which is the reduction mod p of a projective AG-moduleV . Thus there is a matrix representation ρ W : G → GL q (W) whose reduction mod p n W is a matrix representationρ : G → GL q (A) forV , and whose reduction mod pW is a matrix representation ρ :
We have an exact sequence of multiplicative groups
resulting from the natural isomorphism R/tR = W. The isomorphism tR → A = W/p n W defined by tw → w mod p n W for w ∈ W ⊂ R gives rise to isomorphisms of groups
where Mat q (A) + is the additive group of Mat q (A). The conjugation action of ρ W (G) ⊂ GL q (W) on (1 + tMat q (R))
* which results from (3.15) factors through the homomorphism ρ W (G) →ρ(G) ⊂ GL q (A) = Aut A (V ). This action coincides with the action of G on M = Hom A (V ,V ) in (3.16) coming from the action of G onV viaρ : G → GL q (A).
We have supposed in Theorem 3.2 that there is an injective (Z/p n )G-module homomorphism ψ : K = V ′ → M which is unique up to multiplication by an element of A * acting on M . We conclude that there is a group homomorphism ρ R which makes the following diagram commutative:
Here ν in the bottom row results from (3.15) and (3.16). Since ρ W is a lift of the matrix representation ρ : G → GL q (k) = Aut k (V ) over W, we find that ρ R is a lift of ρ • π over R. Here ρ • π is a matrix representation for the q-dimensional representationṼ of Γ over k which is inflated from the representation V of G. 
Proof. The ring k[ǫ] of dual numbers over k is isomorphic to R/pR = k[[t]]/(t 2 ), and γ is surjective if and only if it induces a surjection (3.18)
γ :
where m is the maximal ideal of R W (Γ,Ṽ ). If γ is not surjective, its image is k. Thus to prove that γ is surjective, it will suffice to show that the composition ρ R/pR of ρ R with the natural surjection
is not a matrix representation of the trivial lift ofṼ over k [ǫ] . However, the kernel of the action of Γ on this trivial lift is K ⊂ Γ, while ρ R/pR is not trivial on K, so γ must be surjective. The tangent space of the deformation functor ofṼ is one dimensional by Lemma 3.4, so (3.18) is in fact an isomorphism. Let r be any element of R W (Γ,Ṽ ) such that γ(r) is the class of t in R = W [ 
there is a unique α(g) ∈ Mat q (S) and a ξ(g) ∈ Mat q (W) such that in Mat q (C) one of the following mutually exclusive alternatives holds:
(a) One has that b is a unit, t 2 = −b −1 ap n t and p n+1 t = 0 in C and
(b) One has that a is a unit in W and b ∈ pW, p n t = 0 = pt 2 = t 3 in C and
for a unique β(g) ∈ S. In both cases (a) and (b), one has
where m C is the maximal ideal of C, ψ : K → M is the homomorphism in (3.17), and we identify the element of Mat q (C)/(m C · Mat q (C)) = Mat q (k) = Hom k (V, V ) on the right side of (3.22) with an element of the left side of (3.22) via the identification
Proof. By assumption (p n t, t 2 )/I is isomorphic to k, so that I contains the product ideal
is a two-dimensional vector space over k with a basis given by the classes of p n t and t 2 . Since dim k ((p n t, t 2 )/I) = 1 and (p n+1 t, pt 2 , t 3 ) ⊂ I, there must be an element of I of the form ap n t + bt 2 in which a, b ∈ W and at least one of a or b is a unit. If g ∈ K, then it follows from (3.15) that ρ R (g) ≡ I q mod t Mat q (R) inside GL q (R) in (3.17). It follows from (3.19) and from C/Ct = R/Rt = W that
Suppose first that b is a unit. Then
Hence I = (p n+1 t, t 2 + b −1 ap n t), since pt 2 = −b −1 ap n+1 t ∈ I and t 3 = −b −1 ap n t 2 ∈ Wpt 2 ⊂ I. This and (3.23) lead to (3.20) since
Now suppose b ∈ pW, so that a must be a unit. Then I = (p n t, pt 2 , t 3 ), since bt 2 ∈ Wpt 2 lies in I, so (ap n t + bt 2 ) − bt 2 = ap n t ∈ I and a is a unit in W. This and (3.23) lead to (3.21) since
The congruence in (3.22) is a consequence of the fact that ρ I is a lift of ρ R (see (3.19) ) and the construction of ρ R in (3.17).
Completion of the proof of Theorem 3.2. It is enough to show that there is no ideal I ⊂ W[[t]]
with the properties in Lemma 3.5. Suppose to the contrary that such an I exists. Let z be an element of (p n t, t 2 ) which is not contained in the ideal I. Then the class z of z in C = W[[t]]/I generates a C-ideal (z) which is the kernel of the natural surjection C → R and which is isomorphic to k = C/m C as a C-module. We have a commutative diagram of group homomorphisms
The choice of an isomorphism (z) ≃ k of C-modules identifies the multiplicative group (1 + z · Mat q (C)) * with Hom k (V, V ). One of alternatives (a) or (b) of Lemma 3.6 holds. Let g be an element of K. Suppose first that a ∈ pW, so that b is a unit and we have alternative (a). Since g p n = e K is the identity element of K, we have
since t 2 = 0 = p n+1 t in C when a ∈ pW and b is a unit. Thus p n tα(g) = 0 for all g ∈ K. The map p n tC → k = C/m C defined by p n tr → (r mod m C ) is an isomorphism because alternative (a) holds. Thus α(g) = 0 in C/m C for all g ∈ K. Because of (3.22), we conclude that ψ(g) ∈ pM for all g ∈ K. Since ψ : K = V ′ → M is an injection and K = V ′ and M both have exponent p n as abelian groups, this is a contradiction.
Suppose next that a is a unit. Then either b is a unit and we have alternative (a), which means that p n+1 t = 0 and t 2 = −b −1 ap n t in C, or b ∈ pW and we have alternative (b), which means that p n t = 0 = pt 2 = t 3 in C. Suppose h is another element in K. If we have alternative (a), then pt 2 = 0 and we have from (3.20) that
If we have alternative (b), then pt 2 = 0 = t 3 and we have from (3.21) that
Because K is abelian, we must have ρ I (hg) = ρ I (gh). So subtracting (3.26) (resp. (3.27)) from the same formula when g and h are switched leads to the fact that
for the following reason. The map Cp n t → k = C/m C defined by rp n t → (r mod m C ) is an isomorphism when alternative (a) of Lemma 3.6 holds and the map Ct 2 → k = C/m C defined by rt 2 → (r mod m C ) is an isomorphism when alternative (b) of Lemma 3.6 holds. Now the construction of (3.22) shows that α(K) mod m C · Mat q (C) is identified with the left F p G-submodule of M/pM = Hom k (V, V ) = Mat q (k) which is the image of ψ(K) ⊂ M in M/pM . However, we assumed in Theorem 3.2(iii) that there are τ, λ ∈ ψ(V ′ ) = ψ(K) which do not commute mod pM with respect to the product on M = Hom A (V ,V ) defined by the composition of maps. This is the product which occurs in (3.28), so we have a contradiction. This completes the proof of Theorem 3.2.
Semi-direct product examples over finite fields
Let p be a prime. Suppose q and ℓ are integers larger than 1 which are prime to p and for which there is an injection ν : (Z/q) → (Z/ℓ) * . We may then form the semi-direct product G = (Z/ℓ)× ν (Z/q). We fix generators τ and σ for the subgroups Z/ℓ and Z/q in this description of G such that στ σ −1 = τ ν(σ) . Let F p be an algebraic closure of F p and let W (F p ) be the ring of infinite Witt vectors over F p . The following result is well-known so we will only sketch the proof.
Lemma 4.1. For all finite fields F of characteristic p the group algebra FG is semi-simple and isomorphic to a direct sum of matrix algebras over finite extension fields of F. Suppose L is an
The field k 0 is isomorphic to the residue field of the ring of integers of the extension of Q p generated by the values of
Proof. We only show part (b). Suppose that k 1 is a finite extension of F p for which there is an embedding 
However, the latter group is torsion free by [15, §14.6 ] since all finite division rings are fields. We thus conclude that there is a k 0 G-module L 0 of the kind required to complete the proof of part (b).
The following Lemma is a consequence of Mackey's irreducibility criterion for induced representations (see [15, §7.4 
* be the image of the homomorphism ν :
The Brauer character ξ of the induced F p G-module Ind Proof. The kernel of a representation associated to ξ = Ind G τ λ must lie in τ , and the restriction of ξ to τ is a direct sum of powers of λ, so ξ is faithful because λ is faithful. From (4.29) we see that ξ and ξ ′ = Ind G τ λ a take value 0 on all g ∈ G − τ . For g = τ c ∈ τ we have
Thus the values of ξ ′ form a subset of the values of ξ, so k contains the residue field of the ring of integers of the extension of Q p generated by the values of ξ ′ . Every faithful character of τ has the form λ a for some a which is relatively prime to ℓ. Since the map c → ac is a permutation of Z/ℓ for such a, it follows that k does not depend on the choice of λ.
* be a fixed faithful Brauer character with corresponding one-dimensional F p τ -module X θ , and suppose a ∈ (Z/ℓ). Let k be the field in Corollary 4.3 when we let λ = θ. In particular, Ind 
V (θ a ) be an AG-module which is finitely generated and free as an A-module such that k ⊗ AV (θ a ) is isomorphic to V (θ a ). Let K =V (θ a ) as abelian p-groups and let δ : G → Aut(K) be the group homomorphism given by the G-action on the left AG-moduleV (θ a ). Define Γ to be the semi-direct product K× δ G. If L is a G-module, we letL be the Γ-module which is the inflation of L via the natural surjection π : Γ → G. Let V = V (θ), and letV =V (θ). Define M = Hom A (V ,V ) and M 0 = k ⊗ A M = Hom k (V, V ) with the usual G-actions coming from the action of G onV and V . We will sometimes fix an A-basis ofV and thus an isomorphism of M with the matrix algebra Mat q (A) and an isomorphism of M 0 with Mat q (k).
We will now make the following assumptions: 
The proof of this result will occupy the rest of this section. Let us first show that Theorem 4.6 implies Theorem 1.2 by showing that the hypotheses of Corollary 2.3 may always be satisfied. If p = 2, this is shown by Example 3.3.
Suppose p = 3. Let q = 2, ℓ = 8, H = {1, 3} ⊂ (Z/8) * and a = 2. The unique element h of H which is not 1 is h = 3, and (3 − 1)a = 4 = 0 in Z/ℓ = Z/8. The unique ordered pair (h 2 , h 3 ) of elements of H for which h 2 − h 3 = a in Z/ℓ is (h 2 , h 3 ) = (3, 1). Thus Hypothesis 4.5 holds. Note that (4.29) and Corollary 4.3 show that the residue field k of the ring of integers of the extension of Q 3 generated by the values of the Brauer character Ind G τ θ is the extension of F 3 generated by ζ + ζ 3 as ζ ranges over all roots of unity of order dividing ℓ = 8 in F 3 . Since the absolute Frobenius automorphism α → α 3 fixes ζ + ζ 3 , we conclude that k = F 3 . Thus Theorem 4.6 and Corollary 2.3 show Theorem 1.2 for p = 3.
Suppose now that p > 3. Define q = 2 and ℓ = 3. Then H = {±1} = (Z/ℓ) * . Let a = 1. We readily check that Hypothesis 4.5 holds. The field k is the extension of F p generated by ζ + ζ −1 as ζ ranges over all roots of unity of order dividing ℓ = 3 in F p . Thus k = F p , so Theorem 4.6 and Corollary 2.3 show Theorem 1.2 for p > 3.
We now come back to the proof of Theorem 4.6, which is a consequence of the following result. Note that V (θ) is irreducible by Lemma 4.2 and End kG (V (θ)) = k by Lemma 4.1. 
To compute the multiplicity of V (θ a ) in M 0 we will use Brauer characters. By (4.29), we have for all integers b and c that We now observe that h ∈ H acts on S by sending (h 1 , h 2 , h 3 ) to (hh 1 , hh 2 , hh 3 ). Since H is a group of order q, we see that mult(V (θ a ), M 0 ) = 1 in (4.32) if and only if there is a unique triple of the form (1, h 2 , h 3 ) in S. This is equivalent to the statement that there is a unique ordered pair (h 2 , h 3 ) of elements of H such that a ≡ h 3 − h 2 mod ℓ. Recall that A = W (k)/p n W (k) and thatV (θ a ) and M are projective AG-modules such that V (θ a )/pV (θ a ) is isomorphic to V (θ a ) and M/pM is isomorphic to M 0 as kG-modules. It follows that Hom AG (V (θ a ), M ) is a projective A-module T such that T /pT = Hom kG (V (θ a ), M 0 ) ∼ = k. Thus Hom AG (V (θ a ), M ) ∼ = A, which implies that there is an injective AG-module homomorphism ψ : V (θ a ) → M which is unique up to multiplication by an element of A * . Since Hom AG (V (θ a ), M ) ∼ = A is an A-submodule of Hom (Z/p n )G (V ′ , M ) and since the reductions mod p of both these A-modules are isomorphic to k, it follows that Hom (Z/p n )G (V ′ , M ) ∼ = A.
We still need to show that ψ(V (θ a )) is a non-commutative subset of M = Hom A (V ,V ) mod pM with respect to the multiplication coming from the composition of homomorphisms. We can identify M/pM with M 0 and the image of ψ(V (θ a )) in M/pM = M 0 with ψ 0 (V (θ a )). So we must show ψ 0 (V (θ a )) is a non-commutative subset of M 0 = Hom kG (V, V ). One has (4.33)
where 
